In this paper, an analytical study of internal energy losses for the non-Darcy Poiseuille flow of silver-water nanofluid due to entropy generation in porous media is investigated. Spherical-shaped silver (Ag) nanosize particles with volume fraction 0.3%, 0.6%, and 0.9% are utilized. Four illustrative models are considered: (i) heat transfer irreversibility (HTI), (ii) fluid friction irreversibility (FFI), (iii) Joule dissipation irreversibility (JDI), and (iv) non-Darcy porous media irreversibility (NDI). The governing equations of continuity, momentum, energy, and entropy generation are simplified by taking long wavelength approximations on the channel walls. The results represent highly nonlinear coupled ordinary differential equations that are solved analytically with the help of the homotopy analysis method. It is shown that for minimum and maximum averaged entropy generation, 0.3% by vol and 0.9% by vol of nanoparticles, respectively, are observed. Also, a rise in entropy is evident due to an increase in pressure gradient. The current analysis provides an adequate theoretical estimate for low-cost purification of drinking water by silver nanoparticles in an industrial process.
Introduction
Convection in saturated porous media is a popular field of investigation among researchers nowadays because of its numerous applications in painting filtration, microelectronic heat transfer, soil sciences, thermal insulation, petroleum industries, nuclear waste disposal, geothermal systems, chemical catalytic beds, fuel cells, solid matrix heat exchangers, grain storage, etc. Darcy's law [1] , a linear relationship of velocity and pressure gradient, is mathematically expressed by the following relationship:
It is understood that Darcy's law is inadequate to describe the high rate of flow in porous media because the low Reynolds number based on the mean pore diameter exceeds 1 to 10. As a matter of fact, when the Reynolds number increases to a critical value or when inertial forces dominate, Equation (1) is not valid anymore and it becomes nonlinear, whereas the structure of nonlinear Darcy's law for porous media illustrates the mechanism of viscous flow under different geometric and physical
Entropy 2018, 20, x 3 of 25 formulation is developed, then the analytical solution, convergence analysis, comprehensive discussion of results, and notable findings are respectively presented and examined through graphs, tables, and bar charts. Finally, the average entropy generation for four different portions-heat transfer irreversibility (HTI), fluid friction irreversibility (FFI), Joule dissipation irreversibility (JDI), and non-Darcy porous media irreversibility (NDI)-are discussed in detail.
Formulation
Consider two-dimensional (2-D) steady, laminar incompressible viscous nanofluid between two symmetric wavy walls (channels), as displayed in Figure 1 . The configuration of the walls with amplitude , a width , d and length L of the channel is defined as: The water-based nanofluid with the suspension of silver nanoparticles is considered. Finally, the proposed model can be expressed as [28] [29] [30] [31] [32] : , = 0 ∇. V (4) ( ) ( ) ( ) 
( ) ( ) J.J, (6) where T V, , J, B, g are, respectively, nanofluid velocity, temperature, current density, magnetic field, and gravitational acceleration.
According to Ohm's law:
where [ ] The water-based nanofluid with the suspension of silver nanoparticles is considered. Finally, the proposed model can be expressed as [28] [29] [30] [31] [32] :
where V, T, J, B, g are, respectively, nanofluid velocity, temperature, current density, magnetic field, and gravitational acceleration. According to Ohm's law:
where B = [0, B 0 , 0] and σ n f is the electrical conductivity of nanofluid. Under the influence of non-Darcy and magnetic field with mixed convection, Equations (4)-(6) can be obtained as:
∂u ∂x 
The corresponding boundary conditions can be written in the following form:
The associated forces for the case of conservation of momentum are as follows: Inertial term = ρ n f u K + ρ n f F c u u, and convection = (ρβ) n f g T − T 2 , where B 0 is magnetic field strength and F c is the inertial resistance (coefficient) or Forchheimer correction.
The terms present in the energy equation can be written as:
, and Joule's heating = σ n f B 2 0 u 2 .
A new equation for calculating the effective viscosity and thermal conductivity of nanofluids at low volume fractions (0.3, 0.6, and 0.9% volume concentration) and temperature between 323 K and 363 K was proposed by Godson et al. [17] in the following form:
The nanofluid effective density is given by:
The effective heat capacity of the nanofluid is:
The thermal expansion coefficient of the nanofluid is:
The electrical conductivity of the nanofluid is:
where φ is the solid volume fraction of spherical particles and C p is specific heat. By using the following dimensionless form in Equations (8) and (9):
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The resulting mathematical model takes the following form:
∂u ∂x
where δ is dimensionless wave number, u and v are velocity components, and θ is dimensionless temperature. The velocity component v along the y-axis is considered to be zero due to unidirectional flow along the x-axis, thus Equation (19) eases to ∂u ∂x = 0, which indicates that u = u(y). Also, for the case of momentum equation, the y-component reduces to ∂p ∂y = 0, which means p = p(x) and hence ∂p ∂x = P (constant). Subsequently, when fluid is flowing due to the constant pressure gradient, then maximum velocity U m will occur between the two walls and will be defined as (
By applying the theory of long wavelength approximation, Equations (19) to (21) become:
Along the same lines, the corresponding boundary conditions can be achieved as:
The significance properties of base fluids and nanoparticles are listed in Table 1 , and the values of the different involved ratios (A 1 , A 2 , A 3 , A 4 , A 5 and A 6 ) are shown in Table 2 . The skin friction coefficient is C f = 2τ w ρ f U m 2 , whereas the walls' sharing stress can be determined by:
Using the dimensionless variables given in Equation (18) , dimensionless skin friction is gained as:
The Nusselt number is Nu =
, where q w is the heat transfer rate and defined as:
Using Equation (18) , the Nusselt number in dimensionless is found as:
Entropy Generation Analysis
For non-Darcy porous media, energy loss due to entropy generation for the case of heat in the presence of a magnetic field is described as:
∂T ∂y 2 entropy due to heat transfer
∂u ∂y 2 entropy due to fluid friction
entropy due to magnetic field
entropy due to non-Darcy porous media (30) Equation (30) comprises four parts: the first term on the right-hand side is entropy generation due to the contribution of thermal irreversibility that comprises HTI due to axial conduction from the wavy surface; the second term describes how friction resists the flow; the third term denotes the movement of electrically conducting fluid under the consideration of magnetic field inducing an electric current that circulates in the fluid; and the last one is energy loss due to non-Darcy porous media, which occurs due to the flow rate in porous media. The entropy generation number is similar to the entropy generation rate, which shows the ratio between the local entropy generation rate and the characteristic entropy generation rate EG 0 . Mathematically, one can write it as:
where NG is the dimensional entropy generation:
hence, the dimensionless entropy generation number NG is obtained as: Br Ω ∂u ∂y
where
The dominance of the entropy procedure is essential due to the feebleness of the entropy generation number, so the Bejan number Be is employed to comprehend the possible mechanism. Mathematically, it can be defined as follows:
Entropy generation due to heat transfer Total entropy generation , i.e., Be = HTI
Br Ω ∂u ∂y
In view of Equation (37), Equation (36) becomes:
It is understood from Equation (38) that Be ∈ [0, 1]. When the Bejan number = zero, the heat transfer irreversibility is negligible. When the Bejan number < 0.5, irreversibility due to viscous effects dominates. In the case where the Bejan number = 0.5, the sum of fluid friction, Joule dissipation, and non-Darcy porous media irreversibility is double the heat transfer irreversibility. When the Bejan number > 0.5, the entropy due to heat transfer leads to dominance over entropy due to fluid friction, magnetic field, and non-Darcy porous media irreversibility. When the Bejan number = 1, heat transfer irreversibility is equal to the sum of viscous effects. The average entropy generation number can be computed by the following dimensionless relation:
here
or
where ∀ denotes the area of geometry. The volume triple integral (Equation (39)) reduces to a line integral due to unidirectional flow. The average energy loss due to entropy generation from fluid flow and heat transfer components can be calculated for a large finite domain, but in this scenario, we obtained average entropy generation in the domain h 1 and h 2 , as shown by Equation (41).
Analytic Solution
To get an analytic solution, a homotopic technique [33] is utilized to solve Equations (23) and (24) . Initial approximations u 0 (y), θ 0 (y) and supplementary linear operators £ u , £ θ for velocity and temperature are:
With convergence control auxiliary parameters u , θ and nonlinear operators N u , N θ with embedding parameter ξ ∈ [0, 1], the homotopy of the zeroth-order problem is written as:
(44)
For
The solution for velocity and temperature up to the l-th-order approximation can be expressed as:
Up to the third-order iteration, analytic expressions of velocity and temperature distributions are obtained as:
are given in equations of Appendix A.
Convergence Analysis
The admissible convergence range of both auxiliary parameters u and θ that arises in Equation (47) is very important for an analytic solution. The residual error of velocity E u and temperature distribution E θ at two successive approximations over embedding parameter ξ ∈ [0, 1] up to the 25th-order approximations is computed by the following mathematical relations:
The above residual formulas give the minimum error for velocity at u = −0.7 and for temperature distribution at θ = −0.6, which are displayed in Figures 2 and 3 , respectively. Table 3 shows residual error for the convergence series solution up to the 25th-order approximation. 
The above residual formulas give the minimum error for velocity at 0.7 u = −  and for temperature distribution at 0.6 θ = −  , which are displayed in Figures 2 and 3 , respectively. Table 3 shows residual error for the convergence series solution up to the 25th-order approximation. 
Results and Discussion
This section describes the role of various parameters on nanoparticle volume fraction, MHD parameter, entropy generation, Darcy number, non-Darcy parameter, Brinkman number, group parameter, Eckert number, Grashof number, Reynolds number, Prandtl number, Bejan number, skin friction, and Nusselt number. Figures 3-6 represent the impact of M , Da , * F , and Br on velocity and temperature profiles. Moderately high temperature is used to perform the simulations. The temperature at the upper and lower walls is assumed to be 323 K and 363 K, respectively, in this study. Moreover, high temperature in the range of 323 K to 363 K is used at the inlet section of the channel according to the Godson nanofluid model. In Figure 3a ,b, the impact of magnetic field parameter M on velocity and temperature is shown. The Lorentz force is developed by inflicting a vertical magnetic field on the electrically conducting nanofluid. The resultant Lorentz force has the ability to reduce the fluid velocity in confined geometry and causes an increase in temperature.
Hence, increasing values of the magnetic field parameter directly affect the increase of thermal boundary-layer thickness, but velocity in the flow direction decreases. In Figure 4a ,b, the impact of Darcy number Da on velocity and temperature is elaborated. In Figure 4a , as expected with the increase of Darcy number, the velocity increases, because a higher Darcy number leads to higher permeability of the medium, and with higher permeability the nanofluid can move more easily in the 
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In Figure 6a ,b, the impact of the Brinkman number Br on velocity and temperature is shown. It can be seen in Figure 6a that the dimensionless velocities increase with increasing Br value. This behavior can be explained by greater thermal energy generated due to the viscous dissipation, which enhances the fluid temperature, and consequently there is a greater buoyancy force. Therefore, an increase in the buoyancy force increases the velocity in the upward direction. In Figure 6b , it is noted that with the increase of dimensionless parameter Br , the dimensionless temperature curves fall, which implies that this parameter increases the wall temperature more than the average temperature. This is due to the fact that very rare energy is transported adjacent to the walls by the fluid flow rather than the core area, which is fallouts of higher values of temperature near the wall area.
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(a) (b) Figures 7-10 represent the impact of M, Da, F * , and Br/Ω on energy loss due to entropy generation and the Bejan number. In Figure 7a ,b, the impact of the magnetic field parameter M on entropy generation NG and the Bejan number Be is shown. Energy loss occurs in the system when Lorentz or drag force is created between the fluid and the magnetic field. In Figure 7a , it is perceived that the influence of M on energy loss is maximum at both walls and gradually decreases toward the center of the channel. Energy loss in the middle of the channel is almost zero, so it is detected that M is a major source of energy loss in the system, while the Bejan number gives the dominant decision about fluid friction, magnetic field, and non-Darcy porous media entropy over heat transfer entropy in the system and vice versa. Performance of the magnetic parameter M for silver-water nanofluid on the Bejan number Be is portrayed in Figure 7b . It is noticed that the Bejan number at the center of the channel becomes the maximum value when the magnetic field is neglected. In Figure 8a ,b, the impact of the Darcy number Da on entropy generation NG and the Bejan number Be is shown. The permeability of the porous media increases with the increase of Darcy number, thus a large increase in entropy generation is detected at the lower wall as compared to the upper wall, with a large value of Darcy number in Figure 8a . Also, the impact of Da on the Bejan number is displayed in Figure 8b . It is perceived that the Bejan number at the center of the channel attained the extreme value when Da increased. The influence of the non-Darcy (Forchheimer) number F * on entropy generation N G in Figure 9a and the Bejan number Be in Figure 9b is presented. The same large increment in entropy generation is noticed at both lower and upper walls for different values of F * , but also noticed is that the energy loss is zero at the middle of the channel for all values of the Forchheimer parameter. The Bejan number for various values of the non-Darcy (Forchheimer) parameter F * can be observed in Figure 9b . It is found that for the Forchheimer number, the Bejan number near the middle of the channel increases with the corresponding values of F * . In Figure 10a ,b, controlling the effects of the Brinkman number Br/Ω on energy loss due to entropy generation and the Bejan number Be is observed. As entropy generation is a function of the group parameter Br/Ω, it contains the ratio of Brinkman number Br and dimensionless temperature difference Ω = (T 1 − T 2 )/T 2 . The behavior of Br/Ω when Br = 2 and a mixed convection parameter Gr = 0.5 on entropy generation is shown in Figure 10a , which describes that increasing values of group parameter cause an enhancement of the buoyancy force in the system, and in response to this a large increase in entropy generation is detected at the lower wall as compared to the upper wall. The result of the group parameter with Br = 2 and Gr = 0.5 on the Bejan number is clearly elaborated in Figure 10b . The Bejan number attains its maximum value 1 at y = 0.2 due to an increase in heat transfer irreversibility with the absence of the group parameter, but gradually decreases and has a value less than 1 toward both walls. This energy loss only occurs due to fluid heat transfer in a particular cross-section of the channel. Non-Darcy porous media irreversibility is introduced in average entropy generation for the first time.
force in the system, and in response to this a large increase in entropy generation is detected at the lower wall as compared to the upper wall. The result of the group parameter with 2 Br = and 0.5 Gr = on the Bejan number is clearly elaborated in Figure 10b . The Bejan number attains its maximum value 1 at 0.2 y = due to an increase in heat transfer irreversibility with the absence of the group parameter, but gradually decreases and has a value less than 1 toward both walls. This energy loss only occurs due to fluid heat transfer in a particular cross-section of the channel. NonDarcy porous media irreversibility is introduced in average entropy generation for the first time. ). In Figure 11a ,b, it can be seen that the average entropy at both pressure ). In Figure 11a ,b, it can be seen that the average entropy at both pressure gradients is gradually reduced with the increase of nanoparticle volume fraction φ . In the case of a Figures 11-15 represent, in bar charts, the impact of φ, M, Da, F * , and Br/Ω on average energy loss due to entropy generation. These bar charts are drawn at different pressure gradients (P = −0.5 and P = −1.0). In Figure 11a ,b, it can be seen that the average entropy at both pressure gradients is gradually reduced with the increase of nanoparticle volume fraction φ. In the case of a low concentration of silver nanoparticle sustained in the base fluid, when φ = 0.3%, the average entropy of the whole system is 0.4603 at P = −0.5 and 2.1762 at P = −1.0. Gradually, when the concentration of silver nanoparticles increases in the base fluid, it is clearly observed that the average energy loss due to entropy generation is increased. Nanoparticle concentration directly affects the fluid friction, Joule dissipation, and non-Darcy irreversibility, therefore FFI, JDI, and NDI are increased with the increase of φ. The average breakdown in entropy generation due to MHD directly affects Joule dissipation irreversibility, as shown in Figure 12a ,b. It is seen in both figures that when the magnetic parameter M is zero, the Joule dissipation irreversibility vanishes, but as the magnetic parameter increases its values, the Joule dissipation irreversibility boosts up speedily. It is also noted that fluid friction irreversibility is reduced for large values of the magnetic parameter at different pressure gradients. Non-Darcy porous media irreversibility depends on the Darcy number Da and the non-Darcy (Forchheimer) parameter F * , as shown in Figures 13a,b and 14a ,b. The Darcy number gives the opposite behavior of its increasing values via NDI. As the Darcy number increases, the average entropy and non-Darcy porous media irreversibility of the system decrease, while fluid friction, heat transfer, and Joule dissipation irreversibility boost up quickly for both pressure gradient cases. However, in Figure 14a ,b, the non-Darcy (Forchheimer) parameter F * gives the same trend for non-Darcy porous media irreversibility as the Darcy number in Figure 13a ,b, because when the Darcy number is large, the flow tends to behave as a non-Darcy flow. For Br = 1, the variation of four group parameters Br/Ω on average entropy generation is shown in Figure 15a ,b. It is observed that the when the group parameter Br/Ω = 0, 100% entropy loss occurs in heat transfer irreversibility, while there is no entropy loss in fluid friction, Joule dissipation, and non-Darcy porous media irreversibility. Moreover, as the group parameter increases in the system, the heat transfer irreversibility decreases while the fluid friction, Joule dissipation, and non-Darcy porous media irreversibility increase progressively; it is also noted that average entropy is directly proportional to group parameter. The magnitude of the average entropy generation rate is higher for higher values of Br/Ω. The effects of emerging parameters are presented in Tables 4  and 5 . It can be seen from calculations that skin friction at the lower and upper walls decreases with the increase of Darcy number (Da) and non-Darcy (Forchheimer) parameter (F * ), while the Nusselt number increases at the lower wall, but the reduction is shown at the upper wall. Similar results for the Grashof number (Gr) and Brinkman number (Br) are deducted on the Nusselt number at both walls, but skin friction decreases at the lower wall while increasing at the upper. The behavior of C f (skin friction) and Nu (Nusselt number) via magnetic field parameter M and the particle volume fraction φ are revealed in Tables 6 and 7 , respectively. The prominent increase in volume fraction of nanoparticles and magnetic field parameter is noticed, whereas Nusselt number and skin friction coefficients decrease at the lower wall, while the opposite trend occurs at the upper wall. The thermal conductivity and effective viscosity of silver-water nanofluids increase with the increase in particle volume concentrations of 0.3%, 0.6%, and 0.9%. The existing old correlations for thermal conductivity and viscosity of nanofluids give lower values as compared to new correlations for the properties proposed by Godson et al. [17] . It is also observed that the thermal conductivity enhancement is higher than the viscosity enhancement for the same volume concentration. 
Conclusions
In this paper, energy loss due to entropy generation for the non-Darcy porous media Poiseuille (different pressure gradient) flow of nanofluid through a wavy channel is analyzed. The continuity, momentum, energy, and entropy generation equations are transformed by using a similarity transformation to obtain nonlinear Ordinary differential equations (ODEs). Homotopy analysis method (HAM) is used to solve the nonlinear ODEs subject to the boundary conditions. Results of nanoparticle volume fraction, magnetic field parameter, Darcy number, non-Darcy (Forchheimer) parameter, Brinkman number, entropy generation, Bejan number, skin friction, Nusselt number, and average energy loss due to entropy generation on velocity and temperature were determined numerically as well as graphically by using Mathematica software. The major findings investigated during the study are as follows:
• It is noticed that velocity gives the reduction flow map with increasing values of magnetic field and non-Darcy (Forchheimer) • Energy loss due to entropy generation becomes stronger along the walls of the channel for the magnetic field M and non-Darcy (Forchheimer) parameter F * , and near the center of the channel energy loss becomes zero for said parameters.
•
Energy loss due to entropy generation becomes weaker at the upper wall as compared to the lower wall of the channel for Darcy number Da, and group parameter Br/Ω is also negligible near the middle of the channel.
The Bejan number at the center of the channel attained maximum value when the magnetic field was neglected, and Be gained extreme value when group parameter was zero. Moreover, the Bejan number accelerated at boundaries with a large value of Darcy number and at the center of the channel increased with non-Darcy (Forchheimer) parameter.
• Non-Darcy porous media irreversibility in the average break of energy loss due to entropy generation was enhanced with enhancing nanoparticle volume fraction φ, non-Darcy (Forchheimer) parameter F * , and group parameter Br/Ω, but the reduction in non-Darcy porous media irreversibility was due to magnetic field parameter M and Darcy number Da.
• A rise in entropy was evident due to an increase in the pressure gradient.
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Appendix A
Coefficients of polynomial Equation (48): 
